J. Szantyr — Lecture No. 4 — Hydrostatic force

Hydrostatic force acting on a flat wall

Hydrostatic force acting on a flat
wall has the form of a system of
parallel elementary forces
perpendicular to the wall. It may
be reduced to the resultant force
equal to their sum and acting at
the centre of action of the parallel
forces.

Elementary force: dP =n(p— D, )dS = npgzdS

Total force: P= pg_[r_zzdS = pgﬁJ- zdS = pgnz. S
S S

where: z. -1immersion of the geometric centre of the wall §



The hydrostatic force on the flat wall of an arbitrary outline and
arbitrarily inclined to the horizon is equal (in its module) to the
weight of the prism of fluid having the base S and height equal
to the immersion of the geometrical centre of S under the free
surface.

Projections of the hydrostatic force on the axes of the system Oxyz:

P = pg:zcos(ﬁ,z?)dS = — g sin 05_[ zdS =—pgz.Ssino
S S
P = pg( zcos(i, j)ds =0

S

P, = pg .zcos(ﬁ,lg)dS = pg cosa_[ zdS = pgz.Scoso
S

S

Hence the module of the force: p = \/ P’ + P’ = pgz.S



Determination of the point of action of the resultant hydrostatic force

Moment of the force:

M, = FDxﬁngijxﬁzdS =171,0gjylzdS+ jlpgjxlzdS
S S S

Projections of the main vector of the moment:

X, P = pgjxlzdS YipP = ,Ogj y12dS
S S
Co-ordinates of the point of action:
j x,2dS .xfa’S fodS j y,2dS j x,y,dS j x,y,dS
y =3 _ s _ s 1, _ s _ S _S :Dz1
D~ = = = Yic
jzdS xdS xS xS j zdS j x,dS XS XS
s s s s

where 1t was substituted: Z =X, COS

Determination of the point of action of the hydrostatic force requires
computation of the moment of inertia of the wall S and computation of
1ts centre of gravity.



Conclusions

Location of the point of action of the hydrostatic force in the
system linked to the wall does not depend on the wall inclination.

On horizontal and inclined walls the centre of action of the
hydrostatic force lies below the geometric centre of the wall.

The magnitude of the hydrostatic force does not depend on
the shape of the container.

In all above containers the force on the bottom is the same.



Example No. 1: determine the hydrostatic force and location of its
point of action C for vertical walls shown in the picture below.
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Solution for the wall ,,a”

Immersion of the geometric wall centre: Zg = L)

2
Wall area: S =bH
Wall moment of inertia with bH >
respect to the main central axis: I, = 12
Wall moment of inertia with bH® H?
respect to x axis ( Steiner’s rule): [ .=1,+7,8= 5 + 7 bH
Point of action elevation: T = L _H + 2 H

zS 2 6 3
H pgbH’

Hydrostatic force module: P=pgz.S =pg ?bH =



Solution for the wall ,,b”’

Immersion of the geometric wall centre:

Wall area:

Wall moment of inertia with
respect to the main central axis:

Wall moment of inertia with

respect to x axis (Steiner’s rule):

Point of action elevation:

Hydrostatic force module:

zg=H
S=a’
Cl4
[, =—
x0 12

4
[ =1 ,+722S="+Ha
12

J 4 2
io=—-=H+ a2 =H+—
4N 12a"H 12H

P = pgz,S = pgHa’




Solution for the wall ,,c”’

Immersion of the geometric wall centre:

Wall area:

Wall moment of inertia with

respect to the main central axis:

Wall moment of inertia with

respect to x axis(Steiner’s rule):

Point of action elevation:

Hydrostatic force module:

zg =D
D?
S=——
4
7D’
64
D" D?
Ix :Ix0+Z§ — Dz_
4 4
sl p 21T,
24 16 16
mD*  mpgD’




Solution for the wall ,,d”’

Immersion of the geometric wall centre: z2g=D
7\D* —d’

Wall area: S = ( )

4
Wall moment of inertia with 71-(1)4 _ d4)
respect o the main central axis: L= 64
Wall moment of 5 7Z'(D4 — d4) 7T(D2 — dz) >
. [ =1,+278= + D
inertia with respect 7 Al | 64 4
to X axis:

| | | .4 _p D+d

Point of action elevation: C a0 16D

2 32
Hydrostatic force module: P=pgz,S = pg ”(D d )D



Example No. 2: Determine the hydrostatic moment acting of a
vertical dam of width L with respect to its foot. The dam divides
a canal of rectangular cross-section. On the left side the liquid
level is 2H, on the right side the liquid level is H.




Solution

Hydrostatic forces on the left and right side are respectively equal to:
b, = pgA,z Py = p8ApZgp

Assuming the dam width L and knowing that:

H
Zg =H Lsp = 7
We get: 1
P, =2pglH* P, = psLH ’

Points of action of the hydrostatic forces may be determined on
the basis of the preceding example for a rectangular wall:

4 2
ZCL:EH ZCPZEH



Moment acting on the dam 1s equal to: M=Pz —P.z,

4 2
where: ZL=2H—ZCL=2H—§H=§H

2 1
ZP :H_ZCP :H—EHZEH

Finally, after substitution we get:

M =2pgLH" %H—%ngHz %H =%ngH3



Hydrostatic force on curved walls.

0

x All elementary forces acting on the
wall S form a spatial system of
Tj\z forces, which may be reduced to
? the main force vector and the main
Ax X moment vector.

Yy ' Elementary force:

2y dP =n(p—p,)dS = npgzdS

Main force vector: P =pg j nzdS
S

Main moment vector: M = pg J- rXnzdS
S



Projections of the main force and moment vectors on the axes Oxyz:

P, = pg | zcos(n,i)dS = pg [ zdS, = pgz..,S,
S

S

P = pg_'ZCOS(ﬁ, j)ds = pgfzdSy = P8Zc,S,
S

P = pgjzcosn k)dS pgjzdS = pgV

M pgjz[ycosn k) zcos n ] ]dS pgj ydS, —zdS )
M, =,0g_[z[zcos n,l)—xcos(n,k)]dS =,0gjz zdS —deZ)
S S

M. = pg_[z[xcos(ﬁ, j)=ycos(i,i)lds = pgjz(zdSy — dex)
S S



Conclusions

Projection of the hydrostatic force on an arbitrary horizontal
direction is equal to the total hydrostatic force exerted on a flat
wall, the area of which is equal to the projection of the curved
wall onto the surface perpendicular to the considered direction.

As the areas of the horizontal projections do not depend on the
shape of the wall S, but only on its contour, similarly the
horizontal projections of the hydrostatic force depend only on the
limiting contour of S.

The vertical projection of the hydrostatic force is equal to the
weight of the prism of fluid contained between the wall S and its
projection onto the free surface.



Example No. 3: a water tank is closed with a rotating flap
shaped as a quarter of circular cylinder of radius R and length
L. Determine the hydrostatic force acting on the flap in two
cases a) and b). Assume water density equal to p.
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Solution

Horizontal force components are equal in both cases and they are:

P, =P, = pgRL(H _ gj

Vertical force components are respectively equal to:

R’ R
— pgHRL — pal. 25 = ngR(H _ ”—j

4 4
— pgHRL— iy pgRL(H “R+ @j
4 4
The resultant forces are respectively eual to:
2 2
F, = \/P +P Pb:\/PXb'l'PZb

P
They are inclined to the horizon by an angle: & = arcig P_X
VA



