J. Szantyr — Lecture No. 5 — Floating of bodies

The Archimedes theorem
An elementary hydrostatic force dP =7 pgzdS acts on every element dS

The total hydrostatic force: P = pg I nzd$S
S

The main moment vector of this force: M = pg j rXnzdS
S

The horizontal components of the
hydrostatic force are equal zero. The
total hydrostatic force 1s reduced to
the vertical force acting on two parts
of the suface joined at the common
contour: the lower part BAD and the
upper part BCD.




Force at the lower surface P, = pg J- zdS = pgV,
S

Force at the upper surface P,=pg I zdS = pgV,

Resultant force P =P —-P,=-pg (Vz -V ) =—pgV

Finally the buoyancy force W = —PZ = pg V

The hydrostatic buoyancy force acting on the body submerged in
a liquid is equal to the weight of the liquid displaced by this body.
The line of action of the buoyancy force passes through the centre
of mass of the displaced liquid, or the centre of buoyancy.



Determination of the line of action of the buoyancy force.

Components of the main moment of the buoyancy force:

o
M, = ngZ(dez —zdS,)=pg (ay —dV pgfde = pgycV = ycP.
S \% V

where: y. = V-[ ydV  is the y co-ordinate of the centre of volume V

)dV——ng‘de—

dz°
M, = pg| 2(zdS, —xdS.)= pgf
S |%
=—pgxcV =—x.P,
where: X, = Vj ydV' s the x co-ordinate of the centre of volume V

The line of action of the hydrostatic buoyancy fm%eycis directed
vertically upwards and passes through the point



Example No. 1: A cube of height h made of material of specific
weight 7, floats in a liquid with its vertex down. Determine
the cube immersion if the specific weight of the liquid is equal
to v.




Solution

If the base area of the cube is A, , and the waterline area is AZ ;
then the gravity force 1s equal to:

1
G=—Anhy,
3
And the buoyancy force is: W = %Azzyf
It fol.lo.ws.from the equilibrium G=W >y Ah=1Az—z=h AN
condition: : Ay
Ak’

As there is: — = — finally we have:
AZ < 7 =h3 /ﬁ
/4



Stability of the floating bodies
Stability of the completely submerged body

Stable equlibrium — Centre of buoyancy is located above the
centre of gravity — Figs a) and b). Deflection from the equilibrium
position generates the moment of the pair of forces acting against
the deflection and enforcing return to the previous position.



Unstable equilibrium — centre of buoyancy is located below the
centre of gravity — Figs ¢) and d). Deflection from the equilibrium
position generates the moment of the pair of forces acting to
increase the deflection.

Neutral equilibrium — Fig €) — in an arbitrary position of the
body the forces of buoyancy and gravity balance each other
without producing the moment which influences position of the

body.

Conclusion: in the case of completely submerged body the
stable equilibrium is ensured when the centre of buoyancy
is located above the centre of gravity.



Stability of the partly submerged body

Assumption: the inclination angle

PR 1s small
2 w‘s; }% Wy t In the case of a partly submerged
F—— o [~ body the centre of buoyancy
"’J 2 ,_Eh\f%w changes its location when inclined.

Nl e, [° 7 The analysis of stability is based on
/ sfi determination of the position of the
T centre of buoyancy after the body is

— inclined by an angle .

The heeling moment: M,=Gasing@
G=pgV  -weight of the body
M, = pgaV sin @



The righting moment
dM , = ydW, the right hand side of the inclined body

dW, = pgydS sin ¢

dM, = pgy’dS sin @

M, :pgsin¢jy2d5 M, :pgsinqoj-yzdS
M=M, +M251: 0g sin goj y’dS = pgl sin @ "

The metacentric height ijfz 1s defined (see the sketch):

M —-M, = pgl_sin@—pgaV sin @

)i [, - moment of 1inertia of the waterline
m=-—=>—aqa
V S=S5+S, -areaof the waterline

V — volume of the submerged part of the
body



There are three possible cases:

The metacentric height is positive — stable equilibrium - by
deflection from the equilibrium position the righting moment of
pair of forces is generated.

The metacentric height is equal zero — neutral equilibrium

The metacentric height is negative — unstable equilibrium — by
deflection from the position of equilibrium the moment of the
pair of forces acts to increase the deflection.

Conclusion: the partly submerged body may be in the state of
stable equilibrium even if its centre of gravity is located above
the centre of buoyancy. If the moment of inertia of the waterline
is larger (the body is ,,wider’’), the centre of gravity may be
located higher.



Example No. 2

A circular cylinder having the base radius R and height H=2R
floats 1n an upright position (Fig. a). The centre of gravity of the
cylinder coincides with its geometrical centre. For which
submergence of the cylinder 4 its equilibrium 1s stable?



The waterline of the cylinder 1s a circle, the inertia moment of
which is:
7R*
[ =——
4
The volume of liquid displaced by the cylinder is:

V =7aR*h

The distance between the centre of gravity of the cylinder and
the centre of buoyancy is:



Substitution of the above relations to the formula for the
metacentric height leads to:

I R’ h

m=——a=——R+—
% 4h 2

This may be transformed into:
4mh = R*> —4Rh+2h’

This function may be plotted as a parabola (Fig. b), the zero
points of which may be determined by equating the right hand

side to zero: Yh: —4ARKh+R: =0

The above quadratic equation has two solutions:

2-42 D442
2

R ~0,29R h,
2

hy R=~17R



The diagram in Fig. B shows, that the stable equilibrium of the
cylinder 1s achieved at the shallow draught according to the

condition:
h<0,29R
and at the deep draught:
h>17R

For the intermediate draughts of the cylinder its
equilibrium is unstable.



